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Abstract. We present some results related to the substitution theorem
and the standard form of formulas in the 5-valued paraconsistent logic
N ′

5 introduced in [1]. This logic has two negation connectives and extends
G′3, a paraconsistent logic recently introduced [15]. We also show that
N ′

5 is not a maximal paraconsistent logic.
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1 Introduction

The present work can be placed in the context of paraconsistent logics. Briefly
speaking, following Béziau [4], a logic is paraconsistent if it has a negation ¬,
which is paraconsistent in the sense that a,¬a 0 b, and at the same time has
enough strong properties to be called a negation. Nevertheless, there is no para-
consistent logic that is unanimously recognised as a good paraconsistent logic
[4].

In spite of this lack of agreement, paraconsistent logics have important a-
pplications, specifically [7] mention three applications in different fields: Math-
ematics, Artificial Intelligence and Philosophy. In relation to the second one,
the authors mention that in certain domains, such as the construction of expert
systems, the presence of inconsistencies is almost unavoidable (see for example
[8]). An application that has not been fully recognized is the use of paraconsis-
tent logics in non-monotonic reasoning. In this sense [14,16,17,18] illustrate such
novel applications. Thus, the research on paraconsistent logics is far from being
over.

A paraconsistent logic of particular interest to us is G′3, which has been
studied in [15,16,18]. In this paper we study a logic closely related to G′3. G′3 is
a three-valued paraconsistent logic that can express both, the Lukasiewicz L3

and the Gödel G3 logics. In particular it is worth mentioning that it can also
express classical logic. G′3 can also be expressed in terms of the Lukasiewicz
L3 logic [15]. G′3 can be defined in terms of an axiomatic system, in fact in
[15] the authors present an axiomatization of G′3 together with a completeness
and robustness theorem: the tautologies of the multivaled version of G′3 are the
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same as the theorems in the proof system version of it. The family of axioms
presented in [15] to define G′3 include all the axioms of Cω, thus G′3 can be
considered an extension of Cω. An important property of G′3 and shared by
the logic Z [4], is that it satisfies the substitution theorem. G′3 also satisfies
the deduction theorem and the De Morgans laws. Another important feature
about G′3 is the fact that the formula (a ∧ ¬a) → b is not a theorem, that is,
G′3 is a paraconsistent logic. This property allows G′3, as well as some other
paraconsistent logics (Cω, Pac, P − FOUR), to be the formalism to define the
p-stable semantics, a semantics adequate to represent knowledge [18].

The p-stable semantics has been introduced recently as a tool to represent
knowledge and has found applications in areas such as argumentation theory [10],
updates [19] and preferences [20]. An implementation of the p-stable semantics
using open sources is described in [23]. For more information about applications
of the p-stable semantics see [21,22].

We study some properties of a five-valued paraconsistent logic strongly re-
lated to G′3, we call it N ′

5. N ′
5 is a logic with strong negation that has the property

of being a conservative extension of G′3, i.e. a formula is a tautology in G′3 if
and only if, it is a tautology in N ′

5. N ′
5 satisfies the substitution theorem and

besides, with N ′
5 one can easily express the 5-valued Nelson’s logic N5 [11].

N ′
5 has one more connective not present in G′3, its strong negation, which

makes the logic richer from the theoretical point of view and also gives to it more
possibilities of applications in the area of knowledge representation. Specifically,
we have empirical evidence that it may be possible to extend the p-stable se-
mantics to a more expressive one by using N ′

5 in the same way G′3 is used to
formalize the p-stable semantics. At this point it is worth to mention the fact
that the strong negation connective can be used in knowledge representation to
express the notion of ”usually”, so that semantics defined in terms of a logic
having a strong negation are more suitable in certain applications that those
based on logics without it. For more information about strong negation in this
context see[13,24].

The structure of our paper is as follows. In section 2 we present some of the
related work that has been done. Section 3 describes the general background
needed for reading the paper, including the definition of Cω logic, a paraconsis-
tent logic whose axioms are also axioms of G′3. In the same section we present the
original definition of the three-valued logic G′3. In Section 4 we present N ′

5 logic,
a five-valued logic with two negations, and show that each of these negations
can not be expressed by a formula in terms of the other four connectives in the
logic. In the same section we present Theorem 6, one of our main results, which
establishes that our logic N ′

5 is a conservative extension of G′3. We also present
a substitution theorem for N ′

5 and introduce the concept of standard form. On
Section 5 we present our conclusions and we address future work.

2 Related Work

Let us recall that there are many paraconsistent logics, however most of them
are defined in terms of axiomatic systems. The family of paraconsistent logics
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Cn, 0 < n < ω were introduced in [6], and have been very influential. Later they
were generalized to stronger versions: C+

n , 0 < n < ω [7]. All these logics are not
many-valued, and are not maximal in the sense that they can be extended to
other paraconsistent logics [5]. We are more interested in multivalued logics with
a paraconsistent negation, a strong negation and a substitution theorem valid
for a strong biconditional. Among some well studied paraconsistent logics we can
mention Pac [2], however it does not have a strong negation and does not satisfy
the standard substitution theorem, as the formula ¬(a → b) ↔ (a ∧ ¬b) shows:
it is a tautology, but the formula ¬¬(a → b) ↔ ¬(a ∧ ¬b) is not a tautology
according to an interpretation that assigns values 1 and 0 to the atoms a and b
respectively. J3 [9] is a paraconsistent logic that possesses a strong negation and
extends Pac, but since it is a conservative extension of Pac it does not satisfy
the substitution theorem either. In [5] the authors introduce new logical systems,
LFI1 and LFI2 to handle inconsistent data. LFI1 is inter-definable with J3
and does not satisfy the standard substitution theorem [5]. We do not know
whether any of these two logics satisfies a version of the substitution theorem
for a strong biconditional. Both, LFI1 and LFI2, are maximal systems with a
strong negation and are defined in terms of axioms.

3 Background

We assume that the reader has some familiarity with basic logic such as chapter
one in [12].

We first introduce the syntax of logic formulas considered in this paper. Then
we present a few basic definitions about how logics can be built to interpret the
meaning of such formulas in order to, finally, give a brief introduction to several
of the logics that are relevant for the results of our later sections.

3.1 Syntax of formulas

We consider a formal (propositional) language built from: an enumerable set L
of elements called atoms (denoted a, b, c, . . . ); the binary connectives ∧ (con-
junction), ∨ (disjunction) and → (implication); and the unary connective ¬
(negation). Formulas (denoted α, β, γ, . . . ) are constructed as usual by combin-
ing these basic connectives together with the help of parentheses. We also use
α↔β to abbreviate (α→β)∧(β→α) and α ← β to abbreviate β→α. It is useful
to agree on some conventions to avoid the use of so many parenthesis in writing
formulas. This will make the reading of complicated expressions easier. First, we
may omit the outer pair of parenthesis of a formula. Second, the connectives are
ordered as follows: ¬,∧,∨,→, and ↔, and parentheses are eliminated according
to the rule that, first, ¬ applies to the smallest formula following it, then ∧ is to
connect the smallest formulas surrounding it, and so on.

3.2 Logic systems

We consider a logic simply as a set of formulas that, satisfies the following two
properties: (i) is closed under modus ponens (i.e. if α and α→β are in the logic,
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then so is β) and (ii) is closed under substitution (i.e. if a formula α is in the
logic, then any other formula obtained by replacing all occurrences of an atom
b in α with another formula β is still in the logic). The elements of a logic are
called theorems and the notation `X α is used to state that the formula α is a
theorem of X (i.e. α ∈ X). We say that a logic X is weaker than or equal to
a logic Y if X ⊆ Y , similarly we say that X is stronger than or equal to Y if
Y ⊆ X.

Hilbert style proof systems There are many different approaches that have been
used to specify the meaning of logic formulas, in other words, to define logics. In
Hilbert style proof systems, also known as axiomatic systems, a logic is specified
by giving a set of axioms (which is usually assumed to be closed under substi-
tution). This set of axioms specifies, so to speak, the ‘kernel’ of the logic. The
actual logic is obtained when this ‘kernel’ is closed with respect to the inference
rule of modus ponens. In [15] the authors present an axiomatization of G′3 , that
includes all of the axioms of Cω [6], (and in particular all of the axioms of pos-
itive logic). A slight variant of that axiomatization consists of all of the axioms
of Cω plus the following axioms:

E1 (¬α→¬β)↔ (¬¬β →¬¬α)
E2 ¬¬(α→ β)↔ ((α→ β) ∧ (¬¬α→¬¬β))
E3 ¬¬(α ∧ β)↔ (¬¬α ∧ ¬¬β)
E4 (β ∧ ¬β)→ (−− α→ α)
E5 ¬¬(α ∨ β) ↔ (¬¬α ∨ ¬¬β)

We observe that classical logic is obtained by adding to the set any of the
formulas, α→¬¬α, α→ (¬α→ β), (¬β →¬α)→ (α→ β).

Multivalued logics An alternative way to define the semantics for a logic is by the
use of truth values and interpretations. Multivalued logics generalize the idea of
using truth tables that are used to determine the validity of formulas in classical
logic. The core of a multivalued logic is its domain of values D, where some of
such values are special and identified as designated. Logic connectives (e.g. ∧,
∨, →, ¬) are then introduced as operators over D according to the particular
definition of the logic.

An interpretation is a function I : L → D that maps atoms to elements in the
domain. The application of I is then extended to arbitrary formulas by mapping
first the atoms to values in D, and then evaluating the resulting expression in
terms of the connectives of the logic (which are defined over D). A formula is
said to be a tautology if, for every possible interpretation, the formula evaluates
to a designated value. The most simple example of a multivalued logic is classical
logic where: D = {0, 1}, 1 is the unique designated value, and connectives are
defined through the usual basic truth tables. If X is any logic, we write |=X α to
denote that α is a tautology in the logic X. We say that α is a logical consequence
of a set of formulas Γ = {ϕ1, ϕ2, . . . , ϕn} (denoted by Γ |=X α) if

∧
Γ → α is a

tautology, where
∧

Γ stands for ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn.
Note that in a multivalued logic, so that it can truly be a logic, the implication

connective has to satisfy the following property: for every value x ∈ D, if there
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is a designated value y ∈ D such that y → x is designated, then x must also be
a designated value. This restriction enforces the validity of modus ponens in the
logic. The inference rule of substitution holds without further conditions because
of the functional nature of interpretations and how they are evaluated.

In this paper we consider the standard substitution, here represented with
the usual notation: ϕ[α/p] will denote the formula that results from substituting
the formula α in place of the atom p, wherever it occurs in ϕ. Recall the recursive
definition: if ϕ is atomic, then ϕ[α/p] is α when ϕ equals p, and ϕ otherwise.
Inductively, if ϕ is a formula ϕ1#ϕ2, for any binary connective #. Then ϕ[α/p]
will be ϕ1[α/p]#ϕ2[α/p]. Finally, if ϕ is a formula of the form ¬ϕ1, then ϕ[α/p]
is ¬ϕ1[α/p].

3.3 The multivalued logic G′
3

As previously noted G′3 can also be presented as a multivalued logic. Such pre-
sentation is given in [18]. In this form it is defined through a 3-valued logic
with truth values in the domain D = {0, 1, 2} where 2 is the designated value.
The evaluation functions of the logic connectives are then defined as follows:
x ∧ y = min(x, y); x ∨ y = max(x, y); and the ¬ and → connectives are defined
according to the truth tables given in Table 1. We write |= α to denote that the
formula α is a tautology, namely that α evaluates to 2 (the designated value)
for every valuation. We say that α is a logical consequence of a set of formulas
Γ = {ϕ1, ϕ2, . . . , ϕn} (denoted by Γ |= α) if

∧
Γ → α is a tautology, where

∧
Γ

stands for ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn.

x ¬x

0 2
1 2
2 0

→ 0 1 2

0 2 2 2
1 0 2 2
2 0 1 2

Table 1. Truth tables of connectives in G′3.

The next couple of results are facts we already know about the logic G′3

Theorem 1. [15] For every formula α, α is a tautology in G′3 iff α is a theorem
in G′3.

Theorem 2 (Substitution theorem for G′3-logic). [15] Let α, β and ψ be
G′3-formulas and let p be an atom. If α↔ β is a tautology in G′3 then ψ[α/p]↔
ψ[β/p] is a tautology in G′3.

Corollary 1. [15]Let α, β and ψ be G′3-formulas and let p be an atom. If α↔β
is a theorem in G′3 then ψ[α/p]↔ ψ[β/p] is a theorem in G′3.

Next, we present a new result, it gives an extension of G′3, however the
resulting logic does not satisfy the substitution theorem.
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Theorem 3. The G′3 logic is not maximal, there exists at least one paraconsis-
tent logic that contains properly all of the tautologies of G′3.

Proof. Let CG′3 be the logic that results from G′3 when we allow the values 1
and 2 to be designated, then it is clear that any formula that is a tautology in G′3
is also a tautology in CG′3. On the other hand the formula ((a → b) → a) → a
which is not a tautology in G′3 as shown by a valuation that assigns the values 1
and 0 to a and b respectively, becomes a tautology in CG′3 as it is easy to check.

To see that CG′3 is paraconsistent, we note that an interpretation that assigns
the values 1 and 0 to the atoms a and b respectively shows that the formula
(a ∧ ¬a) → b is not a tautology. ut

Let us observe that the substitution theorem that holds in G′3 is not valid in
the new logic CG′3. The formula [((a → b) → a) → a] ↔ [(a∨¬a)] is a tautology
in CG′3, but the formula ¬[((a → b) → a) → a] ↔ ¬[(a ∨ ¬a)] is not.

4 The multi-valued logic N ′
5

We present N ′
5, a 5-valued logic. We will use the set of values {−2,−1, 0, 1, 2}.

Valid formulas evaluate to 2, the chosen designated value. The connectives ∧
and ∨ correspond to the min and max functions in the usual way. For the other
connectives, the associated truth tables are as follows:

→ −2 −1 0 1 2

−2 2 2 2 2 2
−1 2 2 2 2 2

0 2 2 2 2 2
1 −1 −1 0 2 2
2 −2 −1 0 1 2

¬
−2 2
−1 2

0 2
1 2
2 −2

∼
−2 2
−1 1

0 0
1 −1
2 −2

↔ −2 −1 0 1 2

−2 2 2 2 −1 −2
−1 2 2 2 −1 −1

0 2 2 2 0 0
1 −1 −1 0 2 1
2 −2 −1 0 1 2

Table 2. Truth tables of connectives in N ′
5.

We have defined 5 logical connectives, namely Nc := {→,∧,∨,¬,∼}. Formu-
las in this logic will also be referred to as N -formulas, they are built from this
set of connectives. As usual, if α always evaluates to the designated value, then
it is called a tautology. For example the formula (α∧ ∼ α) → β is a tautology for
any formulas α and β. The formula ∼ α → ¬α is also a tautology, that is why
we will call the connective ∼ strong negation. On the other hand, the formula
(α ∧ ¬α) → β is not a tautology, a fact easy to verify.

Let us note that N ′
5 logic is in some way similar to N5 logic (see [11] for

more information on N5). The only difference is that in N5, ¬1 = −1, but in
N ′

5, ¬1 = 2. Moreover, with N ′
5 logic we can express N5 logic.

Remark 1. N ′
5 logic can express N5 logic.
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For there are at least two ways of expressing the N5 formula ¬α in terms of
the connectives of N ′

5. These are given by the expressions α → ∼α and α →
(¬α ∧ ¬¬α). In particular ¬α ∧ ¬¬α expresses the N5 constant ⊥.

It is important to note that N ′
5 is in fact a paraconsistent extension of Nelson

N5 logic, it is the slight difference in the definition of the connective ¬, which
makes the difference between the two logics. In fact the next result holds.

Theorem 4. N ′
5 is a conservative extension of N5. A N5-formula A is a tau-

tology in N ′
5 if and only if it is a tautology in N5.

We will use the abbreviation α↔ β := (α→ β) ∧ (β → α).
The next proposition observes the fact that the connective ¬ can not be

expressed in terms of the other 4 connectives:

Proposition 1. There is no formula β(a) in N ′
5 containing only the atom a

and connectives in {∼,∧,∨,→}, such that |= ¬a ↔ β(a).

Proof. First we notice that the connective ¬ gives different signs to the truth
values 1 and 2. We show that any formula built with the other 4 connectives gives
the same sign to the truth values 1 and 2. We apply induction on the number of
connectives in the formula β(a). Let v be a valuation such that v(a) = 1, then
v(∼a) = −1, v(a∧a) = 1, v(a∨a) = 1 and v(a → a) = 2. If v is a valuation such
that v(a) = 2, then v(∼a) = −2, v(a ∧ a) = 2, v(a ∨ a) = 2 and v(a → a) = 2.

Let φ, η be two N -formulas of the atom a. Let φ(i), η(i) the truth value of
the formulas for a given valuation v for which v(a) = i. Let us assume that φ(1)
and φ(2) are both positive or negative, and also η(1) and η(2) are both positive
or negative. Then according to the truth tables of the connectives →,∧,∨,∼,
we have:

φ(i)→ η(i) is positive for both i ∈ {1, 2}, or is negative for both i ∈ {1, 2}
φ(i) ∨ η(i) is positive for both i ∈ {1, 2}, or is negative for both i ∈ {1, 2}
φ(i) ∧ η(i) is positive for both i ∈ {1, 2}, or is negative for both i ∈ {1, 2}
∼φ(1),∼φ(2) are both positive or both negative.
We see from this and the definition of the connective ↔, that the formula

¬a ↔ β(a) does not evaluate to 2 for every interpretation. ut

A similar result holds for the connective ∼.

Proposition 2. There is no formula β(a) in N ′
5 containing only the atom a

and connectives in {¬,∧,∨,→}, such that |= ∼a ↔ β(a).

Proof. Notice that the connective ∼ assigns the value 1 to the truth value −1.
We show that any given formula of one single atom a built only in terms of the
other 4 connectives assigns always one of the values −1,−2, 2 to the value −1.

We apply induction on the number of connectives in the formula β(a). Let v
a valuation such that v(a) = −1, then v(¬a) = 2, v(a ∧ a) = −1, v(a ∨ a) = −1
and v(a → a) = 2.

Assume the result valid for any formula with less than n connectives. Let
φ, η two formulas satisfying the induction hypothesis. Then φ(−1), η(−1) ∈
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{2,−2,−1}. It follows from the tables for the connectives of N ′
5 that ¬φ(−1) ∈

{2,−2}, and (φ ∧ η)(−1), (φ ∨ η)(−1), (φ → η)(−1) ∈ {2,−2,−1}.
Thus, according to the truth table for ↔, the formula ∼a ↔ β(a) does not

evaluate to 2 for every interpretation. ut
Remark 2. Observe the following formulas in N ′

5:

1.− |=∼ (α→ β)↔ α∧ ∼ β.
2.− |=∼ (α ∧ β)↔ ∼ α∨ ∼ β.
3.− |=∼ (α ∨ β)↔ ∼ α∧ ∼ β.
4.− |=∼∼ α↔ α.
5.− |=∼ ¬α↔¬¬α.
6.− |=∼ α→¬α.

What is important about this remark, is that these formulas have the same
structure as those theorems of Nelson introduced previously in [11] for the con-
struction of extensions, with strong negation, of intuitionistic logic; In fact, for-
mulas 1 − 6 show the classical-like behavior of strong negation, in particular,
formula 6 honors the adjective strong.

Next we present a couple of theorems relative to our logic N ′
5. The proofs

can be found in [1]

Theorem 5. Given α and β two formulas, then:
1. If α and α→ β are tautologies, then β is also a tautology.
2. If α is a tautology, then ¬¬α is also a tautology.

A very important result is that N ′
5 logic is a conservative extension of G′3

logic, as the following theorem shows.

Theorem 6. For every G′3-formula α, α is a tautology in N ′
5 iff α is a tautology

in G′3.

This result together with theorem 4 shows that N ′
5 extends two different

logics N5 and G′3.

4.1 Substitution

A particular feature of our N ′
5 logic is that the symbol ↔ does not define a

congruential relation on formulas, note that it can be the case that α ↔ β is
a tautology, but ∼α ↔∼β is not. A particular example is the following: Take
α1 to be ∼ (a→ b) and α2 to be a∧ ∼ b. Clearly α1 ↔ α2 is a tautology, but
∼ α1↔ ∼ α2 is not (take I(a) = I(b) = 1). This property also holds in N5.

Thus, when we refer to equivalence of formulas, we will have to be more
precise and make some particular considerations. The term weak equivalence
will mean that α↔β is a tautology. There is a stronger notion of equivalence of
N ′

5-formulas, which we will call N ′
5-equivalence, and it holds when both α↔ β

and ∼α↔∼β are tautologies. For this purpose, we define a new connective ⇔.
We write α ⇔ β to denote the formula: (α↔ β) ∧ (∼α↔∼β). The reader can
easily verify that α↔ β is a tautology iff for every valuation v, v(α) > 0 implies
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v(α) = v(β) and by symmetry, v(β) > 0 implies v(α) = v(β), while α ⇔ β is a
tautology iff for every valuation v, v(α) = v(β). This can be seen in the following
truth tables:

↔ -2 -1 0 1 2

-2 2 2 2 -1 -2
-1 2 2 2 -1 -1
0 2 2 2 0 0
1 -1 -1 0 2 1
2 -2 -1 0 1 2

⇔ -2 -1 0 1 2

-2 2 1 0 -1 -2
-1 1 2 0 -1 -1
0 0 0 2 0 0
1 -1 -1 0 2 1
2 -2 -1 0 1 2

Table 3. Truth tables for the biconditionals.

The next two theorems are proved in [1].

Theorem 7 (Basic Substitution theorem). Let α, β and ψ be N ′
5-formulas

and let p be an atom. If α ⇔ β is a tautology then ψ[α/p] ⇔ ψ[β/p] is a tautology.

To be able to apply standard substitution we require N ′
5-equivalence of for-

mulas to hold. However, in certain cases this condition may be too strong. We
are only interested in the particular cases where weak equivalence of formulas
suffices for substituting. The first such a case is when substitution is not done
inside the scope of a ∼ symbol.

Theorem 8. Let α, β and ψ be N ′
5-formulas and let p be an atom such that p

does not occur in ψ within the scope of a ∼ symbol. If α↔ β is a tautology then
ψ[α/p]↔ ψ[β/p] is a tautology.

4.2 Standard form

We present the notion of a standard form of a formula.

Definition 1. We define the function S : N ′
5− formulas → N ′

5− formulas as
follows: If a is an atom and α, β are N ′

5-formulas, then

S(a) = a,
S(¬a) = ¬a,
S(∼ a) = ∼ a,
S(∼ ¬α) = ¬¬S(α),
S(¬α) = ¬S(α),
S(α→ β) = S(α)→ S(β).

S(α ∧ β) = S(α) ∧ S(β),
S(α ∨ β) = S(α) ∨ S(β),
S(∼ (α→ β)) = S(α) ∧ S(∼ β),
S(∼ (α ∧ β)) = S(∼ α) ∨ S(∼ β),
S(∼ (α ∨ β)) = S(∼ α) ∧ S(∼ β),
S(∼∼ α) = S(α).

Definition 2 (Standard Form). An N ′
5-formula ϕ is said to be in standard

form if S(ϕ) = ϕ

Intuitively a formula is in standard form if it has all occurrences of the ∼
connective just in front of an atom. Let us observe also that we did not define
S(∼ ¬α) as S(α), we want the formula α ↔ S(α) to be a tautology for any
formula α and the formula ∼ ¬a ↔ a is not a tautology for an atom a.

9
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Example 1. Take the formula ϕ :=∼ (a→¬b)∧ ∼ c. Then its standard form is
S(ϕ) := a ∧ b∧ ∼ c.

The result we present in relation to standard forms affirms that S(φ) is a
tautology if and only if φ is a tautology. In order to prove this, we point out the
next properties about tautologies that are consequences of the definition of the
↔ connective: If A ↔ B and B ↔ C are tautologies, then A ↔ C is a tautology,
if A ↔ B and C ↔ D are tautologies, then A∧C ↔ B ∧D and A∨C ↔ B ∨D
are tautologies.

Theorem 9. For any N ′
5-formula ψ, ψ ↔ S(ψ) is a tautology in N ′

5.

Proof. By structural induction:

Base case: One can easily check that the proposition is true for any of the twelve
formulas that define the standard form if a, α, β are atoms.

Case 1) ψ = φ ∧ η.
Let us assume that φ ↔ S(φ) and η ↔ S(η) are tautologies. Applying
Theorem 8 to the formula p ∧ η and the first tautology above we obtain
that φ ∧ η ↔ S(φ) ∧ η is a tautology. Now we apply the same Theorem to
the formula S(φ) ∧ p and the second tautology and obtain that S(φ) ∧ η ↔
s(φ) ∧ S(η) is a tautology. From this we conclude that φ ∧ η ↔ S(φ) ∧ S(η)
is a tautology.
The cases ψ = φ∨η and ψ = φ → η are done the same way by just replacing
the corresponding connective.

Case 2) ψ = ¬φ.
We apply Theorem 8 to the formula ¬p and the tautology φ ↔ S(φ) accord-
ing to the inductive hypothesis to obtain the tautology ¬φ ↔ ¬S(φ). This
is equivalent to ¬φ ↔ S(¬φ).

Case 3) ψ = ∼¬φ.
By hypothesis φ ↔ S(φ) is a tautology. Since ∼¬φ ↔ ¬¬φ is a tautology and
S(∼¬φ) = S(¬¬φ), it is enough to prove that ¬¬φ ↔ S(¬¬φ) is a tautology.
But S(¬¬φ) = ¬¬S(φ) , and the result follows by induction hypothesis.

Case 4) ψ = ∼(φ ∧ η).
To prove that ψ ↔ S(ψ) is a tautology is equivalent to prove, according to
remark 2, that ∼φ ∨∼η ↔ S(∼φ) ∨ S(∼η) is a tautology. But by induction
hypothesis ∼φ ↔ S(∼φ) and ∼η ↔ S(∼η) are tautologies, from which the
result follows.
The cases ψ = ∼(φ ∨ η) and ψ = ∼(φ → η) are done the same way by just
replacing the corresponding connective.

Case 5) ψ = ∼∼φ.
By hypothesis φ ↔ S(φ) is a tautology. Since S(∼∼φ) = ∼∼S(φ), this case
reduces to prove that ∼∼φ ↔ ∼∼S(φ) is a tautology. The result follows
from the fact that α ↔ ∼∼α is a tautology for any formula α. ut
As an immediate consequence we have the next important result that has

been already presented in [1]:

Corollary 2. For any N ′
5-formula ϕ, ϕ is a tautology in N ′

5 iff S(ϕ) is a tau-
tology in N ′

5. ut
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4.3 N ′
5 is not a maximal paraconsistent logic

Before ending this section, we present one more result, similar to theorem 3,
about the fact that N ′

5 can be extended.

Theorem 10. The N ′
5 logic is not maximal, there exists at least one paracon-

sistent logic that contains properly all of the tautologies of N ′
5

Proof. Let CN ′
5 be the logic that results from N ′

5 when we allow the values 1
and 2 to be designated, then it is clear that any formula that is a tautology in N ′

5

is also a tautology in CN ′
5. On the other hand the formula ((a → b) → a) → a

which is not a tautology in N ′
5 as shown by a valuation that assigns the values 1

and 0 to a and b respectively, becomes a tautology in CN ′
5 as it is easy to check.

To see that CN ′
5 is paraconsistent, we note that an interpretation that assigns

the values 1 and 0 to the atoms a and b respectively shows that the formula
(a ∧ ¬a) → b is not a tautology. ut

As in the case of G′3 and CG′3 logics, the substitution theorem that holds in
N ′

5 is not valid in the new logic CN ′
5. As the reader can easily check, the formula

[((a → b) → a) → a] ↔ [(a ∨ ¬a)] is a tautology in CN ′
5, but the formula

¬[((a → b) → a) → a] ↔ ¬[(a ∨ ¬a)] is not.

5 Conclusions and Future Work

We introduced a 5-valued logic called N ′
5. This logic is a conservative extension

of the 3-valued logic G′3, which accepts an axiomatization. Our logic N ′
5 possesses

two negations, one of them, (∼), is a strong negation that makes the logic more
expressive when representing knowledge. Results presented in this paper include
a substitution theorem for N ′

5, the preservation of tautologies by the standard
form in N ′

5 and the fact that the N ′
5 logic can express N5 logic, a logic that

is suitable to express ASP. Finally, as mentioned in the introduction, we are
interested in exploring possible ways of extending the p-stable semantics to a
more expressive semantics by means of the use of a logic with strong negation,
N ′

5 seems to be a suitable candidate for the formalization of such a semantics.
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